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Abstract 

Let L/K he a. finite Galois CM-extension of number fields with Galois group G. 
In an earlier paper, the author has defined a module SKu{L/K) over the center of 
the group ring ZG which coincides with the Sinnott-Kurihara ideal if G is abelian 
and, in particular, contains many Stickelberger elements. It was shown that a certain 
conjecture on the integrality of SKu{L/K) implies the minus part of the equivariant 
Tamagawa number conjecture at an odd prime p for an infinite class of (non-abelian) 
Galois CM-extensions of number fields which are at most tamely ramified above p, 
provided that Iwasawa's /x-invariant vanishes. Here, we prove a relevant part of this 
integrality conjecture which enables us to deduce the equivariant Tamagawa number 
conjecture from the vanishing of ^ for the same class of extensions. 

Introduction 

Let L/K be a finite Galois extension of number fields with Galois group G. Burns |Bu01| 
used complexes arising from etale cohomology of the constant sheaf Z to define a canonical 
element TO,{L/K) of the relative i^-group Kq(7jG,M). This element relates the leading 
terms at zero of Artin L-functions attached to L/K to natural arithmetic invariants. It was 
shown that the vanishing of TVt{L/K) is equivalent to the equivariant Tamagawa number 
conjecture (ETNC) for the pair (/iO(Spec(L))(0), ZG) (cf. loc.cit., Th. 2.4.1). 
The vanishing of TVL{L/K) is known to be true if L is absolutely abelian as proved by 
Burns and Greither |BG03| with the exclusion of the 2- primary part; Flach [F104] extended 
the argument to cover the 2-primary part as well. Slightly weaker results in this cyclotomic 
case have been settled independently by Ritter and Weiss [RW021 fRWOSj . Huber and Kings 
|HK03| . Some relatively abelian results are due to Bley |B106| ; he showed that if L/K is a 
finite abelian extension, where K is an imaginary quadratic field which has class number 
one, then the ETNC holds for all intermediate extensions L/E such that [L : E] is odd and 
divisible only by primes which split completely in K/Q. Finally, L/K is a CM-extension 
and p is odd, the ETNC at p naturally decomposes into a plus and a minus part; it was 
shown by the author |Nilla| that the minus part of the ETNC at p holds if L/K is abelian 
and at most tamely ramified above p, and the Iwasawa /i-invariant vanishes if p divides 
|G| (and some additional technical condition is fulfilled). Note that the vanishing of is a 
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long standing conjecture of Iwasawa theory; the most general result is still due to Ferrero 
and Washington |FW79| and says that /i = for absolutely abelian extensions. 
For non-abelian extensions, the results are even more sparse. Burns and Flach |BF03) 
have given a proof for an infinite class of quaternion extensions over the rationals and 
Navilarekallu |Na06| has treated a specific A4-extension over Q. li L/K is a, CM extension, 
the author |Nillb| has introduced a module SKu{L/K) over the center of the group ring 
ZG which is a non-commutative analogue of the Sinnot-Kurihara ideal (cf. [Si80] . p. 193) 
and was already implicitly used in |Ni| and |BJ11) . An integrality conjecture on SKu{L/K) 
has been formulated and it was shown that it is implied by the ETNC in many cases and 
follows from the results in |Ba77| . |Ca79| , |DR80| if G is abelian. Assuming the validity 
of this integrality conjecture, the minus part of the ETNC at p was deduced from the 
conjectural vanishing of /i, provided that the ramification above p is at most tame (and, as 
in the abelian case, some technical extra assumption holds). Moreover, it follows from the 
results in |Ni) that for the case at hand the non-abelian analogues of Brumer's conjecture, 
of the Brumer-Stark conjecture and of the strong Brumer-Stark property (as formulated 
in loc.cit.) hold, provided that fi = and the integrality conjecture holds. 
Most of these results make heavily use of the validity of the equivariant Iwasawa main 
conjecture (EIMC) attached to the extension L^/K, where is the cyclotomic Zp- 
extension of -L+ which is the maximal real subfield of L. Note that the EIMC is known 
for abelian extensions of totally real number fields with Galois group Q such that ^ is a 
p-adic Lie group of dimension 1 (cf. |Wi901lRW02| ). More recently, Ritter and Weiss |RWa| 
have shown that the EIMC (up to its uniqueness statement) holds for arbitrary p-adic Lie 
groups of dimension 1 provided that fi vanishes. In fact, this can be generalized to higher 
dimensional p-adic Lie groups as shown by Kakde [KaJ and, independently, by Burns |Bubj . 
In this paper, we define a variant SKu'{L/K) of the Sinnott-Kurihara module which is 
contained in SKu{L/K) and in fact equals SKu[L/ K) for abelian G. Let ^A{G) be a 
maximal order in QG containing ZG; for any ring A, we write C(^) for the subring of all 
elements which are central in A. The first main result is the following theorem which will 
be proved in §4. 

Theorem 0.1. Let L/K he a Galois extension of number fields with Galois group G. If G 
is nilpotent, then 

SKu'{L/K) c C{M{G)). 

Now let S and T be two finite sets of places of K such that S and T are disjoint and 
S contains the set of all infinite places of K. One can associate to S and T so-called 
Stickelberger elements O'g which lie in the center of the group ring algebra QG. These 
Stickelberger elements are defined via values of Artin L-functions at zero and are closely 
related to the Sinnott-Kurihara ideal SKu[L/ K); more precisely, they lie in SKu{L/K) 
under suitable hypotheses on S and T. For instance, it suffices that S contains the set 
'S'ram of all ramified primes and no non-trivial root of unity in L is congruent to 1 modulo 
all primes *p G T{L)] here, for any set T of places of K, we write T[L) for the set of places 
of L which lie above the places in T. 

Now assume that the Galois group G decomposes as G = H x C, where H is nilpotent 
and G is abelian. As before, let A4{H) be a maximal order in QH containing ZH. Then 
we may view Ai{H)[C] as an order in QG and we have the following integrality statement 
for Stickelberger elements. 
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Theorem 0.2. Let L/K be a Galois extension of number fields with Galois group G = 
H X C, where H is nilpotent and C is abelian. Then 

9^ e C{M{H)[C]) = C{M{H))[C] 

for all suitable finite sets of places S and T. 

We will give a more precise statement and its proof in §4. In fact, we will prove a more 
general result involving also Stickelberger elements which are defined via values of Artin 
L-functions at negative integers. Now let L/K be a Galois CM-extension of number fields 
with arbitrary Galois group G. We denote the maximal real subfield of L by L^ . Then 
Theorem 10.21 is the key in proving our main result. 

Theorem 0.3. Let L/K be a Galois CM-extension of number fields with Galois group 
G and let p be a non- exceptional prime. If the Iwasawa ^-invariant attached to the cy- 
clotomic Tjp-extension of L'^ vanishes, then the p-minus part of the ETNG for the pair 
(/i°(Spec(L))(0),ZG) IS true. 

For a fixed extension L/K there is only a finite number of exceptional primes; for a 
precise definition see §5, where we will prove Theorem 10.31 Finally, we obtain the following 
corollaries. 

Corollary 0.4. Let L/K be a Galois GM-extension of number fields with Galois group G 
and letp be a non- exceptional prime. If the Iwasawa ^-invariant attached to the cyclotomic 
'Lp-extension of L^ vanishes, then the p-part of the integrality conjecture holds. 

Corollary 0.5. Let L/K be a Galois GM-extension of number fields with Galois group G 
and letp be a non- exceptional prime. If the Iwasawa fj,-invariant attached to the cyclotomic 
"Lp-extension of L~^ vanishes, then the p-parts of the following conjectures hold: 

(i) the non-abelian Brumer conjecture of }Ni^. Gonj. 2.1 

(a) the non-abelian Brumer-Stark conjecture of /Nil, Gonj. 2.6 

(Hi) the minus part of the central conjecture (Gonj. 2.4-1) of JBua^ 

(iv) the minus-part of the Lifted Root Number Conjecture of Gruenberg, Ritter and Weiss 
]GRW99i . 

Moreover, L/K fulfills the non-abelian strong Brumer-Stark property atp (cf. JNi]/ . Def. 3.5). 

Corollary 0.6. Let L/K be a tamely ramified Galois GM-extension of number fields with 
Galois group G and letp be a non- exceptional prime. If the Iwasawa fj,-invariant attached to 
the cyclotomic "Lp-extension of L~^ vanishes, then the minus-p-part of the central conjecture 
(Gonj. 3.3) of fBBOT^ is valid. If in addition Leopoldt's conjecture is true for all number 
fields, then the minus-p-part of the ETNG for the pair (/i'^(Spec(L))(l), ZG) is true. If 
K = Q, it suffices to assume Leopoldt's conjecture for the number field L. 
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1 Preliminaries 

1.0.1 if-theory 

Let A be a left noetherian ring with 1 and PMod(A) the category of all finitely generated 
projective A-modules. We write Ko(A) for the Grothendieck group of PMod(A), and Ki{A) 
for the Whitehead group of A which is the abelianized infinite general linear group. If 5 is 
a multiplicatively closed subset of the center of A which contains no zero divisors, 1 £ S, 
5, we denote the Grothendieck group of the category of all finitely generated S'-torsion 
A-modules of finite projective dimension by i^o»S'(A). Writing A5 for the ring of quotients 
of A with denominators in S, we have the following Localization Sequence (cf. |CR87] . 
p. 65) 

Ki(A) ^ Ki{As) ^ KoS{A) ^ Ko{A) ^ Ko{As). 

In the special case where A is an o-order over a commutative ring and S is the set of all 
nonzerodivisors of 0, we also write KqT{A) instead of i^O'S'(A). Moreover, we denote the 
relative i^-group corresponding to a ring homomorphism A — >■ A' by Kq(A, A') (cf. |Sw68| ). 
Then we have a Localization Sequence (cf. |CR87| . p. 72) 

Ki(A) ^ Ki(A') "H' i^o(A, A') ^ Ko(A) ^ Ko(A'). 

It is also shown in ^Sw68j that there is an isomorphism i^o(A, A5) ~ i^o<S'(A). Let G 
be a finite group; in the case where A' is the group ring MG, the reduced norm map 
nr]RG : Ki{MG) — t- ((MG)^ is injective, and there exists a canonical map dc ■ (O^G)^ — )• 
Kq(ZG,M.G) such that the restriction of dc to the image of the reduced norm equals 
di,G,RG ° iii'mg' ■ This map is called the extended boundary homomorphism and was intro- 
duced by Burns and Flach [BFOlj . 

1.0.2 Equivariant L- values 

Let us fix a finite Galois extension L/K of number fields with Galois group G. For any 
prime p of X we fix a prime *p of L above p and write Gcp resp. /qj for the decomposition 
group resp. inertia subgroup oi L/K at Cp. Moreover, we denote the residual group at ^ 
by Gqj = Gqj //tp and choose a lift </)(p E Gqj of the Frobenius automorphism at *p. 
If S* is a finite set of places of K containing the set of all infinite places of K, and 
X is a (complex) character of G, we denote the S'-truncated Artin L-function attached 
to X s-iid S by Ls{s,x) and define L*g{r,x) to be the leading coefficient of the Taylor 
expansion of Ls{s,x) at s = r, r G Z. Recall that there is a canonical isomorphism 
C(CG) = nxGlrr(G)*^' '^hsre Irr (G) denotes the set of irreducible characters of G. We 
define the equivariant Artin L-function to be the meromorphic ^(CG)-valued function 

Ls{s) := {Ls{s,x))xeirr{G)- 

We put L*g{r) = (L^(r, x))j(-girr (G) and abbreviate Ls^{s) by L{s). If T is a second finite 
set of places of K such that 5" fl T = 0, we define 5t{s) := ('^t('5, x))x6irr(G)) where 

St{s,x) = ripGT^^^C-'- ~ ^ipy~^^<^^\^x^^) and Vy. is a, G-module with character x- We 
put 

e5,r(s) := St{s) ■ Ls{s)K 



Stickelberger elements and the ETNC 



5 



where we denote by " : CG — )• CG the involution induced hy g . These functions 

are the so-called (S", T)-modified G-equivariant L-functions and we define Stickelberger 
elements 

Ol{r) := QsAr) € C(CG). 

For convenience, we also put Lg[s,x) := 5t{s,x) ' Ls{s,x)i where we write x for the 
character contragredient to x- Thus 

Ol{rf = {Ll{r,x)\&rriGy 

We will also write Lg{L/K,s,x) for L^{s,x) if the extension L/K is not clear from the 
context, and similarly for 9'g{r). If T is empty, we abbreviate 9'^{r) by 6s{r)- Now a result 
of Siegel |Sl70j implies that 

e^r) G CiQG) (1) 

for all r < 0. Let us fix an embedding t : C ^ Cp] then the image of O'g in CiQpG) via the 
canonical embedding 

C(QG) - C(QpG) = Qpix), 

XGlrrp (G)/^ 

is given by '^^L'^{r,x'' ^Y- Here, the sum runs over all Cp-valued irreducible charac- 
ters of G modulo Galois action. Note that we will frequently drop i and from the 
notation. Finally, for an irreducible character x with values in C (resp. Cp) we put 
~ Tcf ^geG xi9^^)9 which is a central idempotent in CG (resp. CpG). 

1.0.3 Ray class groups 

Let T and S be as above. We write cl|^ for the ray class group of L to the ray DJIt ■ = 
Y\<:p£T(L)^ and 05 for the ring of S'(L) -integers of L. We denote the S'(L)-units of L by 
Es and define Eg := {x € Es : x = 1 mod DJIt}- If S" = Soo, we also write EJ^ for Eg^. 
All these modules are equipped with a natural G-action. Now let L/K be a Galois CM- 
extension, i.e. L is a CM-field, K is totally real and complex conjugation induces a unique 
automorphism j of L which lies in the center of G. If ii is a subring of either C or Cp for a 
prime p such that 2 is invertible over R, we put RG- := RG/{1 + j) which is a ring, since 
the idempotent lies in RG. For any i?G-module M we define M~ = RG- ^rg M 
which is an exact functor since 2 € i?^. We define 

Al := 0^ clD". 

If M is a finitely generated Z-module and p is a prime, we put M(p) := Zp M. For odd 
primes p, we will in particular consider Al{p), the minus p-part of the ray class group cl|^. 



2 The integrality conjectures 

Let L/K be a Galois extension with Galois group G. Let S and T be two finite sets of 
places of K such that 
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(i) S contains all the infinite places of K and all the places which ramify in L/K, 
i.e. S D S^^^^ U Soo- 

(ii) 5nr = 0. 

(iii) is torsionfree. 

We refer to the above hypotheses as Hyp{S,T). For a fixed set S we define 21^ to be 
the ^(ZG)-submodule of ^(QG) generated by the elements 5t(0), where T runs through 
the finite sets of places of K such that Hyp{S, T) is satisfied. Note that Sis equals the 
ZG-annihilator of the roots of unity of L if G is abelian by |Ta84) . Lemma 1.1, p. 82. 
For any finite group H we put Nh ■= "^heH ^- ^ finite prime p of K, we define a 
ZGtp-module Up by 

Up := (TV/.^,, 1 - ep(l)^%G.^. C QGqj, 

where Ep = \I<:^\^^ N^,^ . Note that Up = Z,G<:p if p is unramified in L/K such that the 
definition of the following ("(ZG)-module is indeed independent of the set S as long as S 
contains the ramified primes: 

^:=( n nr(np)K G^p)^(^G) CC(QG). 
v&s\Soo 

Definition 2.1. Let S be a finite set of primes which contains S^am U Soo- We define a 
^(ZG) -module by 

SKu{L/K, S) ■.= %s-U ■ L(0)» C CiQG). 
We call SKu{L/K) := SKu{L/K, Sra,m US'oo) the (fractional) Sinnott-Kurihara ideal. 

For abelian G, this definition coincides with the Sinnott-Kurihara ideal SKu[L/ K) in 
(see also [SiSO], p. 193). 
Let T{G) be the C(ZG)-module generated by the elements nr(f/'), H G MnxnC^G), n G N. 
Actually, I{G) is a commutative ring and we have inclusions 

C{ZG)cI{G)cCm{G)), 

where Wl{G) is a maximal order in QG containing ZG. The integrality conjecture as 
formulated in |Nillb| (where L/K is assumed to be a CM-extension; but we will not 
assume this here) now asserts the following: 

Conjecture 2.2. The Sinnott-Kurihara ideal SKu{L/K) is contained inI{G). 

Remark 2.3. (t) Since clearly SKu{L/K,S) C SKu{L/K,S') if S' C S, Conjecture 
\2.2\ implies SKu{L/K, S) C X(G) for all admissible sets S. 

(ii) If the sets S and T satisfy Hyp{S,T), the Stickelberger element 0^(0) is contained 
in SKu{L/K, S). Hence Conjecture \2.2\ predicts that ^^(0) G X(G) which is part of 
fNHlj . Conjecture 2.1. 
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(in) In the above definitions, we may replace Z and Q by TL^ and Qp, respectively. We 
obtain a local Sinnott-Kurihara ideal SKup{L/K) contained in ClQpG) and a (^(ZpG)- 
module Xp{G). Since we have an equality 

X(G) = f|Xp(G)nC(QG), 
p 

we have an equivalence 

SKu{L/K) cI{G) ^ SKup{L/K) clp{G)yp. 

If G is abelian, we obviously have I{G) = CC^G) = ZG and the results in |Ba77) . 
[Ci79] . [DRSn J each imply the following theorem (cf. [GKTT] . §2). 

Theorem 2.4. Conjecture \2. ^ holds if L/K is an abelian extension. 

We also define a modified version of the Sinnott-Kurihara ideal as follows. For a finite 
prime p of K, define a C(ZGq3)-module by 

[/; := (m(iV,J,m(l - 6p0^^))c(ZG.p) C ({QG^^)- 
If S contains S'ram U Soo, we define 

U' := Yl SKu'{L/K, S) := %•[/'• L{0)^ C SKu{L/K, S). 

peS\Soo 

As before, the definition of U' does not depend on S and all the above remarks remain 
true if we replace SKu{L/K,S) by SKu'{L/K,S) throughout. We put SKu'{L/K) := 
SKu'{L/K, SramUSoo)- If G is abelian, the reduced norm is just the identity on QG. More- 
over, Sis is the whole ZG-annihilator oi the roots of unity in L, and hence independent 
of S. This implies the following proposition. 

Proposition 2.5. If L/K is an abelian extension, then 

SKu{L/K) = SKu{L/K,S) = SKu'{L/K,S) C ZG 
for all admissible sets S. 

Now let r < be an integer. We denote the absolute Galois group of L by and put 
/ii_,(L) := (Q/Z)(l-r)«^. 

Conjecture 2.6. Let L/K be a Galois extension of number fields with Galois group G and 
let r < 0. Then for any x € AnnzGdj-i-riL)) one has 

nr(x) • 9sir) e I{G) 

for all finite sets S of primes of K containing S'ram U Soo- 

Remark 2.7. (i) As above, it suffices to consider the case, where S = S'ram U Soo- 
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(ii) Since the ZG-annihilator of fii^,.{L) is generated by the elements Y\p^'j'(^~'f'V^ipy^^)> 
where T runs through all finite sets of primes in K such that Hyp{S,T) is satisfied 
(of. /Co7?]/ ). Conjecture \2.6i in particular implies that (^^{r) € I{G) for all finite sets 
of primes S and T such that Hyp{S, T) holds. 

(Hi) Note that Conjecture \2.b\ outside its 2-primary part implicitly is a part of JNillcf . 
Conj. 2.11 if L/K is a CM-extension (resp. an extension of totally real fields) for 
even (resp. odd) r. 

Again, the results in |Ba77| . |Ca79| . |DR80| each imply the following theorem. 
Theorem 2.8. Conjecture \2. 61 holds if L/K is an ahelian extension. 

3 A reduction step 

In order to prove one of the conjectures of the preceding paragraph, we may henceforth 
assume that the field K is totally real, as otherwise Os^{t) = L{r)^ = 0; hence also 
SKu{L/ K) = and 9s{r) = for all finite sets S containing Sqo- By the same reason, we 
may assume that L is totally complex if r is even. Note that we actually have to exclude 
the special case, where r = and L/Q is a CM-extension of degree 2. But in this case the 
occurring Galois group has to be abelian and everything is known by Theorem 12.41 
Let us denote the set of complex places of L by Sc{L). For any w € Sc{L), the decompo- 
sition group Guj is cyclic of order two and we denote its generator by j^. If r is even we 
define 

H = H{r) := {j^ • j^/ \w,w' e Sc{L)). 

If r is odd, we define 

H = H{r) := {j^ \ w e Sc{L)) . 

In both cases, H is normal in G such that the fixed field is a Galois extension of K 
with Galois group G := G/H. Note that / K is a Galois CM-extension if r is even, 
whereas /K is a Galois extension of totally real fields if r is odd. 

Proposition 3.1. Let L/K he a Galois extension of number fields with Galois group G 
and let p he an odd prime. Assume that G has a unique 2-Sylow subgroup. Then the p- 
part of Conjecture \2.2\ (resp. Conjecture \2.6]) is true for L/K if and only if the p-part of 
Conjecture ] 2.^ (resp. Conjecture \ 2. 6\) is true for L^/K. 

Proof. Since H is normal in G, the group ring element en '■= \H\~^Nh is a central idem- 
potent in QpG. Let G2 be the unique 2-Sylow subgroup of G. Then lies in G2 for any 
w € Sc{L) such that H is a finite 2-group. Since p is odd, this implies that eh is actually in 
ZpG. Now T^pG decomposes into ZpG = en'^pG® (1 — £h)'^pG and the canonical epimor- 
phism vr : ZpG -» ZpG induces an isomorphism vr : en'^pG ~ "LpG. But by the definition 
of H, we have Ls^ {r, x) = if if is not contained in the kernel of the irreducible character 
X- That means that SKu{L/K) = en • SKu{L/K) which identifies with SKu{L^ / K) via 
IT. Using ^i^r{L)^ = ^i-r{L^), a similar observation holds in the case r < 0. □ 

Remark 3.2. Note that Proposition \3.1\ in particular applies if G is nilpotent. 
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4 Integrality of Stickelberger elements 

The aim of this section is to prove Theorem I (J. II and Theorem IU.2I We have to make precise 
what we mean by suitable sets S and T. For this, we introduce the following terminology. 
If p is a prime, we denote by Sp the set of p-adic places of K. If r = 0, we will say that S 
and T are (p,0)- admissible if the following conditions are satisfied: 

(i) The union of S and T contains all non-p-adic ramified primes, i.e. Sram\{Sramf^Sp) C 

5ur, 

(ii) S contains all wildly ramified primes in Sp^ 

(iii) 5nT = 0, 

(iv) i^'J"" is torsionfree, where Tnr denotes the set of all miramified primes in T. 

If r < 0, we will say that S and T are {p, r) -admissible if Hyp(S, T) is satisfied. Note that 

5 and T are in fact (p, r)-admissible for all primes p and all r < if Hyp{S, T) is satisfied. 

Now assume that L/K is a finite Galois extension of number fields with Galois group 
G, where G decomposes as G = H x G with H nilpotent and C abelian. As in the 
introduction let M{H) (resp. A4p{H)) be a maximal order in <QH (resp. QpH) containing 
ZH (resp. ZpH). Then we may view M{H)[G] (resp. Mp{H)[G]) as an order in QG 
(resp. QpG) and we have the following precise version of Theorem 10.21 

Theorem 4.1. Let L/K be a finite Galois extension of number fields with Galois group 
G = H X C , where Li is nilpotent and G is abelian. Let p be a prime and r € Z<o. // S 
and T are two finite sets of primes of K which are (p,r)-admissible, then 

el{r) G aMp{H)[G]) = Q{Mp{H))[G\. 

In particular, if Hyp{S, T) is satisfied, we have 

e^r) e CiMmC]) = C{M{H))[G]. 

Proof. We first assume that G = C is abelian. Then (^{A4{H))[G] = 'LG and the assertion 
follows easily from Theorem [23] if r = and from Theorem l2.8l if r < as long as Hyp{S, T) 
is satisfied. We are left with the case, where r = and S and T are (p, 0)-admissible. We 
claim that ^^(0) lies in SKup{L/ K) and hence Theorem 12.41 again implies the desired 
result. To see this, we write 6*1' (0) as 

el{G) = 5T^M- n -^^(0) n (i-ep05')-i(o)». 

The set Tnr satisfies Hyp{T^T-, Sram) by condition (iv) such that 5Tnr(0) li^s in ^Sra^m- Let 
p G r\Tiir and g G Z be the rational prime below p. If we denote the g-Sylow subgroup of 
the inertia group /tp by Rep, the intermediate extension corresponding to G<:(i/R<:s^ is tame 
above p. Note that condition (ii) forces that i^qj = 1 \i q = p. Since G is abelian, by 
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|Ch85| ■ p. 369 the ramification index = |/q}| divides Qp — 1 exactly if q = p and up to a 
power of q if q ^ p. Hence 

(5p(0) = 1 - ep0qj^gp = 1 - ep4>^^ - (p^^^^^^N^^ eZp(^Up. 

For the tamely ramified primes above p the element 

ep = (ep - Ni.^){l - Ep^^^) + Nj^ G C/p 

lies in , since p \ Cp. Therefore, we get Zp Up = 1ipG<:^ in this case. Finally, we 
obviously have (1 — £p4>^^) £ Up for the primes p € 5 \ Soo- 

We now treat the general case, where G = H x C . Since we have to deal with Stickelberger 
elements corresponding to various subextensions of L/K, we will write 9g{L/K,r) for 
0'g{r) for clarity. Any irreducible character of G may be written as x " A, where x ^ I^'^' {H) 
and A G Irr(C). We have the following decomposition 

C(Qp[i/xC])= Qp(x)[C], 

Xelrrp {H)/r^ 

where the sum runs over all irreducible characters of H modulo Galois action and Qp(x) := 
Qp(x(^)|/i G H). We fix an irreducible character x of H. Then the image of 9'g{L/ K,r)^ 
in the ^-component of the above decomposition is given by 

L^{L/K,x-X,r)exeQpix)[C] (2) 

Aelrrp (C) 

and we wish to show that it actually lies in Zp{x)[C], where Zp{x) denotes the ring of 
integers in Qp(x)- Since H is a. finite nilpotent group, |CR81) . Th. 11.3 implies that 
there is a subgroup U of H and a linear character ip of U such that x is induced by ip, 
i.e. X = ind^V- Let us denote the abelianization of U by U^^; as ^ is linear, it is infiated 
by a character ^lJ^^ of U^^ and hence x = ind^^infl^ab^'^'^- Note that ^p^^ is irreducible, 
since x is- Moreover, if A is an irreducible character of C, we have 

X • A = (ind^tP) ■ A = indg,t7(V' • A) = ind$,c^nfi^l%ir'' ■ A). 
But general properties of L-functions imply that 

Y: Ll{L/K,x-\r)e,= ^ L^lLt^'^l/^^^^, V' • A, r)e,, 

Aelrrp (C) Aglrrp (C) 

where [[/, U] denotes the commutator subgroup of U . But the righthand side lies in 
'Lp{ip)[C\, since it is the -^-component of the Stickelberger element ^J, (Lt^'^l/L^^*-" , r)" 
attached to the abelian subextension L^'^'^l/L^^'^; here, S' = S{LP^^) and similarly for 
T' . This and ^ implies that 

Y Ll{L/K,x- A,r)eA G Qp(x)[C] n = Zp(x)[C] 

Aelrrp (C) 
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as desired. In particular, if Hyp{S, T) is satisfied, then 0'g{r) is (p, r)-admissible for all 
primes p, and hence 

el{r) e f|c(-Mp(^))[C] nc(Q//)[C] = aM{H))[c]. 

V 

□ 

Now let J be a subset of S'ram and put Sj := S^o D S \ J. Let K C Lj C L be the 
maximal subfield of L which is unramified outside Sj. Then Lj/K is a Galois extension 
with Galois group Gj = G/Hj, where Hj = Gal(L/Lj). We have the following stronger 
version of Theorem 10.11 

Theorem 4.2. Let L/K he a Galois extension of number fields with Galois group G and 
let J he a suhset o/ S'ram- If the Galois group Gj of the suhextension Lj/K is nilpotent, 
then 

nnr(7V,J-C(r)GC(-M(G)), 
peJ 

whenever r < and Hyp^Sram U Soo,T) is satisfied. In particular, 

SKu'{L/K) C C{M{G)) 

if G is nilpotent. 

Proof. Since Hj is normal in G, the idempotent \Hj\~^Nhj is central in QG and lies in 
M.{G). If X is an irreducible character of G, the x-component of HpGJ '^^(-^^■i') 
Hj is not contained in the kernel of x- Hence we have an equality 

nnr(iV,J • el{L/K,r) = J] m(iV,,J ■ \Hj\-'Nhj ■ e^iLj/K^r), (3) 

pGJ pGJ 

where O^^^Lj/ K, r) denotes any lift of 9^ ^{Lj / K, r) in (^{Ai{G)); note that this is possible, 
since 0^^{Lj /K,r) lies in (^{M{Gj)) by Theorem 14. II as Hyp{Sj,T) is satisfied for Lj/K. 
Hence the righthand side of the above equation also lies in ({A4{G)). The second part of 
the theorem is clear by the definition of SKu'[L/K). □ 

Corollary 4.3. Let L/K he a Galois extension of numher fields with Galois group G. Then 

W ni{Ni^).eUr)eQ{M{G)), 

PG5 ram 

whenever r < and Hyp{Sj:am U 6*00, T) is satisfied. 

Proof. We may apply Theorem 14. 21 for J = S'ram, since the extension Ls^^^-,/K is unramified 
and hence contained in the Hilbert class field of K. This implies that Ls^^^/K is abelian 
and thus nilpotent. □ 

Corollary 4.4. Let L/K he an ahelian Galois extension of numher fields with Galois group 
G. Then 

nnr(iV/J-^J,(r)GZG, 
peJ 

whenever r < and Hyp{Sra^ U S'oo, T) is satisfied. 
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Proof. If G is abelian, the righthand side of equation ([3]) equals 

n Ni.^ ■ \Hj\-'Nhj ■ 0liLj/K,r) = z ■ Nhj ■ 9l{Lj/K,r), 
peJ 

where z = \Hj\~^ ■ YipeJ l^^pl integer. The assertion follows, since 6'^^{Lj / K,r) lies 

in ZGj by Theorem [231 □ 

Remark 4.5. These results may tempt us to state a conjecture similar to Conjecture \2.2\ 
also in case r < 0. We have not done so, since the author is not aware of a convincing 
reason, why this should be true in general. 



5 The ETNC in almost tame extensions 

Let us fix a finite Galois extension L/K of number fields with Galois group G and a finite 
set S of places of K which contains 5"^.^^^ U 5*00 ■ In |Bu01| the author defines the following 
element of KoiZG,R): 

Tn{L/K, 0) := rdxcA^s, Xs') + daiLm^))- 

Here, ^pQ is a certain involution on Kq{7jG, M) which is not important for our purposes, since 
we will be only interested in the nullity of TQ,{L/K, 0). Furthermore, ts € Ext^(i?5, AS") 
is Tate's canonical class (cf. |Ta66| ). where AS is the kernel of the augmentation map 
ZS'(L) Z which maps each *p G S{L) to 1. Finally, A5 denotes the negative of the usual 
Dirichlet map, so As : M £'5 ^ M (8) AS, u ^ — Yl'^&siL) klq5*P) and XG,'M.{'TS-, A^^) 
is the refined Euler characteristic associated to the perfect 2-extension whose extension 
class is T5, metrised by . For more precise definitions we refer the reader to |Bu01| . 
The ETNC for the motive /i^(Spec(L)) with coefficients in ZG in this context asserts that 
the element TQ{L/K,0) is zero. Note that this statement is also equivalent to the Lifted 
Root Number Conjecture formulated by Gruenberg, Ritter and Weiss ^GRW99j (cf. [BuOlj . 
Th. 2.3.3). 

It is also proven in loc.cit. that TQ{L/K,0) lies in K(){'EG,Q) if and only if Stark's con- 
jecture holds. In this case the ETNC decomposes into local conjectures at each prime p 
by means of the isomorphism 

Ko(ZG,Q)~0Ko(ZpG,Qp). 

Now let L/K be a Galois CM-extension and p be an odd prime. Since Stark's conjecture is 
known for odd characters (cf. |Ta84| . Th. 1.2, p. 70), T^}{L/K,0) has a well defined image 
TQ{L/K,0)p in i^'o(ZpG_, Qp). Recall that j & G denotes complex conjugation. We will 
say that L/K is almost tame above p if j lies in Gtp for any prime p of X above p which 
is wildly ramified in L/K. 

We have the following connection to the integrality conjecture 12.21 (cf. [Ni| . proof of 
Th. 5.1 and Cor. 5.6): 

Theorem 5.1. Let p he an odd prime and L/K a Galois CM-extension and assume that 
TQ{L/K,0)j^ vanishes. If the p -part of the roots of unity of L is a cohomologically trivial 
G -module or if L/K is almost tame above p, then the p-part of Conjecture \2.<!\ holds. 
I.e. SKup{L/K) CZp{G). 



Stickelberger elements and the ETNC 



13 



Now let T consist of a prime po] p and all finite places of K which ramify in L/K and 
do not lie above p; we may choose po such that Eg is torsionfree for any finite set S of 
places of K which contains Soo and is disjoint to T. We have the following reformulation of 
|Nilla| . Til. 2 using non-commutative Fitting invariants as introduced in [NilOj : though, 
we will not make much use of this notion in this paper. 

Theorem 5.2. Let p be an odd prime and L/K a Galois CM- extension which is almost 
tame above p. Then 

Tn{L/K,0);=0 ^ Fittz,G_(^I(p)) = [(e^,(0))]nr(z,G_), 

where Si denotes the set of all wildly ramified primes above p. 

Note that Aj^^p) is a cohomologically trivial G- module by |Nilla| . Th. 1 and that 
^Si (^) (P^ 0)-admissible. For a natural number n let C,n be a primitive nth root of unity 
and let us denote the normal closure of L over Q by L^^; note that L'^' is again a CM- field. 
To ease notation, we will call a prime p exceptional if at least one of the following holds: 

(i) P = 2, 

(ii) there is a prime p in above p which ramifies wildly in L and j Gqj, i.e. L/K is 
not almost tame above p, 

(iii) L-' C {L^YiCp). 

Note that there are only finitely many exceptional primes, since such a prime has to ramify 
in L'^^/Q or equals 2. We now prove the following theorem which is Theorem 10.31 of the 
introduction. 

Theorem 5.3. Let L/K be a Galois GM- extension of number fields with Galois group 
G and let p be a non- exceptional prime. If the Iwasawa ^-invariant attached to the cy- 
clotomic Zp-extension of L~^ vanishes, then the p-minus part of the ETNG for the pair 
(/i°(Spec(L))(0),ZG) IS true. 

Lemma 5.4. Let N > be a natural number. Then there are infinitely many primes r G Z 
such that 

(i) r = 1 mod p^ . 

(ii) j € for all primes ^ in L above r. 

(iii) The Frobenius automorphism Frobp atp in Gal(Q(Cr)/Q) generates Gal(A;r/Q), where 
kr denotes the unique subfield of Q{(r) of degree p^ over Q. 

Proof. This is |Nillb| . Lemma 6.5. But the proof of |GrOO| . Prop. 4.1 carries over un- 
changed to the present situation. □ 

Proof of Theorem \5.!A Let G N be large and choose a prime r as in Lemma 15.41 which 
does not ramify in L'^^/Q. We put L^r := Lkr, K^ = Kkr and Gn = Gal{L}\f /K) = 
G X Cn, where Gn — Gal(A;rVQ) is cyclic of order p^ , generated by Frobp. Note that 
p is still a non-exceptional prime for Ljsi/K. Moreover, we define T/v := T U Sr^ where 
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Sr denotes the set of places in K above r. The proof of |Nillb| . Th. 6.8 shows that 
it suffices to prove that the denominators of the Stickelberger elements 9g^{Lj^ /K,0) are 
bounded, independently of (see loc.cit., Remark 3). Now assume that G is nilpotent. The 
Stickelberger element O'^^ [L^ /K,0) is (p, 0)-admissible and thus lies in ({A4p{G))[Cn] by 

Theorem iH But e^^{LN/K,0) differs from (LtyZ-ST, 0) by ^^^5.(0) G nr((ZpG7v)!^), 
since j € G<k for all ?l | r; more precisely, it follows from the arguments in |Nilla) . 
following Prop. 9 that the epimorphism a : A^^{p) ^ A'^^{p) is in fact an isomorphism. 

Since ^-^6sr (0) is a generator of Fitt(^z^Q^-^_ (ker((T)) which is the non-commutative Fitting 
invariant of 0, it has to lie in nr((ZpGiv)^ ). But nr((ZpG7v)^) C Ip{Gn) C C{Mp{G))[Gn] 
(the second inclusion follows from the proof of |NilO| . Lemma 6.6), and thus 9'^_^{Ln/K,0) 
lies in C{Mp{G))[Cn] for all N. It follows that |G| • 9'^^{Ln/K,0) G ZpGN for all N as 
desired. 

For arbitrary G, note that we already now that TO,{L/K,0)~ is torsion, since the strong 
Stark conjecture holds by |Nilla| . Cor. 2. But in this case, a general induction argument 
(see |GRW99| . §8, especially Prop. 9 and Th. 5') shows that we may assume that G is 
^-elementary for a prime /, i.e. G is the direct product of an /-group and a cyclic group of 
order prime to /. In particular, G is nilpotent and we also obtain the general case. □ 

We now give the proofs of the corollaries mentioned in the introduction. 

Proof of Corollary \0.4\ This is an immediate consequence of Theorem 15.31 and Theorem 
O □ 



Proof of Corollarv \0.5[ Theorem 15.31 and [Ni], Th. 5.3 implies that L/K fulfills the (non- 
abelian) strong Brumer-Stark property at p. This in turn implies (ii) by loc.cit. Prop. 3.8 
and (i) by loc.cit. Lemma 2.9. Since the condition L'^^ <f_ {If^Y^ {C,p^ forces C,p L, thep-part 
of the roots of unity is trivial and thus cohomologically trivial as G-module. Therefore 
Theorem 15.31 and |Bua| . Th. 4.1.1 imply (iii). Finally, as already mentioned above, the 
vanishing of TVl{L/K, 0) is equivalent to the Lifted Root Number Conjecture of Gruenberg, 
Ritter and Weiss as formulated in tGRW99| (cf. [Bunij . Th. 2.3.3). Thus Theorem lOl also 
implies (iv). □ 

Proof of Corollarv \0.(k The central conjecture (Conj. 2.4.1) of [BB07) states that a certain 
element TQ{L/K, 1) G Kq{ZG,M) vanishes. By loc.cit., Th. 5.2 one has an equality 

ip*G(Tn{L/K, 0)) - Tn{L/K, 1) = Tn^"%L/K, 1), 

and the vanishing of the righthand side is equivalent to a conjecture of Bley and Burns 
[BB03] by [BB07], remark 5.4. But this conjecture is known if L/K is at most tamely 
ramified by [BB03j . Cor. 6.3 (i). Finally, [BBlOj, Th. 1.1 and Cor. 1.2 imply the desired 
connection to the ETNC for the pair (/i°(Spec(L))(l), ZG). □ 

For completeness, we include the following result which is an easy consequence of 
|Nillc| . Th. 4.1 and [Bdb] . Cor. 2.10. 

Theorem 5.5. Let L/K he a Galois extension of number fields with Galois group G and 
let r < 0. Assume that L is totally real if r is odd (resp. that L/K is CM if r is even). 
If p is an odd prime such that the p-part (resp. minus p-part) of the ETNC for the pair 
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{h^(Spec{L))(r),'ZG) holds, then the p-part of Conjecture [K6\ is true. In particular, this 
applies if the Iwasawa ji-invariant attached to the cyclotomic "Lp-extension of L (resp. L^) 
vanishes. 

Corollary 5.6. Let L/K be a Galois extension of number fields with Galois group G and 
let r < 0. Let p be an odd prime and assume that G has a unique 2-Sylow subgroup. Then 
the p-part of Conjecture \2.6\ holds provided that the Iwasawa ^-invariant attached to the 
cyclotomic "Lp-extension of the maximal real subfield of L vanishes. 

Proof. This immediately follows from Theorem 15.51 and Proposition 13.11 □ 
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